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Abstract
We calculate, using noncommutative supersymmetric Yang-Mills
gauge theory, the part of the spectrum of the toroidally compactified
Matrix theory which corresponds to quantized electric fluxes on two
and three tori.
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In this note we investigate the part of the spectrum corresponding to
electric fluxes of the noncommutative supersymmetric Yang-Mills (NCSYM)
gauge theory [1] compactified on a torus. This gives a description of the
DLCQ of M-theory [2] compactified on a dual torus. Since the spectrum is
invariant under the T-duality group O(d, d |Z), where d is the dimension of
the compactification torus, we can first calculate the spectrum in the sim-
plest case which corresponds to a NCSYM gauge theory on a trivial bundle.
Then we can use a duality transformation to rewrite the result in terms of
the defining parameters of a dual theory on a nontrivial bundle. We will
also obtain this result directly by quantizing the free system of collective
coordinates of the twisted U(n) theory.
To obtain the spectrum we mod out gauge equivalent configurations and
show that the zero modes of the gauge field live on a torus. In the clas-
sical case one can find a global gauge transformation whose sole effect is a
shift in the zero mode of the gauge field. Then the electric fluxes which are
the conjugate variables are integrally quantized. However, for a nonvanish-
ing deformation parameter the gauge transformation also results in a finite
translation [3, 4, 5]. Then, just as for the electric charge of dyons [15], the
electric flux spectrum, for states carrying momentum, contains an additional
term proportional to the deformation parameter. We obtain a spectrum in
agreement with similar calculations in the literature [3, 6, 7, 8, 9, 4, 5].
Throughout this paper we will use the same notation as in [10] where it
was shown explicitly that the action of a U(n) NCSYM, with magnetic fluxes
M ij , can be written as the action of a U(q) NCSYM on a trivial quantum
bundle, where q is the greatest common divisor of n and M ij . Thus these
two theories must have identical spectra. The noncommutative pure gauge
theory action was written first in [1]. We can then introduce additional fields
such that we obtain the maximally supersymmetric U(n) NCSYM gauge
theory [3, 11]
SU(n) =
1
g2SYM
∫
dt
∫
ddσ
√
det(Gkl) tr
(
1
2
GijF
0iF0j−
1
14
GijGkl(F
ik − F ik(0))(F
jl −F jl(0)) + (1)
1
2
∑
a
X˙aX˙a −
1
2
∑
a
Gij[D
i, Xa][Dj, Xa]+
1
4
∑
a,b
[Xa, Xb][Xa, Xb] + fermions

 .
As in [3, 11] the action contains magnetic backgrounds which we chose as
in [10], so that the vacuum energy vanishes.
In general two NCSYM theories are dual to each other if there exists an
element Λ of the duality group SO(d, d |Z) with the block decompositiona
Λ =

 A B
C D

 , (2)
and a corresponding Weyl spinor representation matrix S, such that their
defining parameters are related as follows
Θ¯ = (AΘ+ B)(CΘ+D)−1, (3)

n¯
M¯23
M¯31
M¯12


= S


n
M23
M31
M12


, (4)
g¯2SYM =
√
| det(CΘ +D)| g2SYM . (5)
G¯ij = (CΘ+D)ik(CΘ +D)
j
lG
kl, (6)
Equation (4) was written for the three dimensional case. Equation (3) was
first written in [12]. A version of equation (4) appeared in [11] were S was
identified as a canonical transformation. The transformation of the coupling
constant (5) and the explicit transformation of the metric (6) were found
aThe SO(d, d |Z) subgroup of the T-duality group O(d, d |Z) is the subgroup that does
not exchange Type IIA and IIB string theories.
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in [10], where also the transformation (4) was identified as a chiral spinor
transformation.
All the equations in this paper where d is unspecified, are valid for the
two and three dimensional case, but some may have to be modified in higher
dimensions. For simplicity we consider the case when n andM ij are relatively
prime. Then one can find a duality transformation Λ such that n¯ = 1 and
M¯ = 0 as was shown in [10]. From this point on, when we discuss the
U(n) theory we will use the the d-dimensional block matrices (2), with Λ the
particular transformation that takes the U(n) theory into a U(1) theory. For
example the constant background field strength can be expressed in terms of
the block components of Λ as
F(0) =
−1
2pi
(CΘ+D)−1C. (7)
We write the connection as a sum of a constant curvature U(1) connection
∇i, a zero mode A
i
(0), and a fluctuating part A
i
∇i − iAi(0)1− iA
i(Zj) = ∂
i + iF ijσj − iA
i
(0)1− iA
i(Zj).
Note that Ai does not contain the zero mode. The Zi’s are n-dimensional
matrices which generate the algebra of adjoint sections. For example, in the
two dimensional case we have [1, 3, 7, 13, 10]
Z1 = e
iσiQ
i
1
/nV b, Z2 = e
iσiQ
i
2
/nU,
where U and V are the clock and shift matrices and Q is a two dimensional
matrix which reduces to the identity in the commutative case. Substituting
this in the action we obtain
SU(n) =
1
g2SYM
∫
dt
∫
ddσ
√
det(Gkl) tr
1
2
Gij∂
0Ai(0)∂
0Aj(0) + . . . ,
where the dots stand for terms containing only A i. Thus classically the zero
modes decouple, and the action is just that of a free particle
S
U(n)
(0) =
∫
dt
(2pi)2
2
Mij A˙
i
(0)A˙
j
(0),
3
where the mass matrix is given by
Mij = |n−
1
2
tr(MΘ)|
(2pi)d−2
√
det(Gkl)
g2SYM
Gij . (8)
In the commutative case the first factor on the right hand side of (8) reduces
to n and arises from taking the trace. The origin of this factor in the non-
commutative case was discussed in [3, 10]. The corresponding Hamiltonian
is thenb
H
U(n)
(0) =
1
2
MijE
(0)
i E
(0)
j , (9)
where Mij is the inverse mass matrix and E
(0)
i is the momentum conjugate
to Ai(0)
E
(0)
i =
1
2pii
∂
∂A(0)
.
Note that E
(0)
i correspond to zero modes of the electric field.
Before calculating the spectrum of (9) directly, we will use the duality
invariance of the spectrum and obtain it by using the simpler dual U(1)
theory. We will use primes for all the variables in the U(1) theory. In this
case the mass matrix takes the form
M′ij =
(2pi)d−2
√
det(G′kl)
g′2SYM
G′ij. (10)
Just as in the commutative U(1) supersymmetric gauge theory [14] the zero
modes live on a torus. To see this consider the gauge transformationsc
U ′i = e
iσ′
i .
These gauge transformations are single valued and leave the trivial transi-
tion functions invariant. Under these gauge transformations the connection
bThis only includes the energy coming form the electric zero modes.
cWe remind the reader that we use the notation of [10] were the definition of Ui differs
from [3]
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transforms as
U ′−1j (∂
′i − iA′
i
(0) − iA
′i(U ′k))U
′
j = ∂
′i − i(A′
i
(0) − δ
i
j)− iA
′i(e−2piiΘ
′
jkU ′k).
For vanishing Θ′ the effect of these gauge transformations is just a shift of
the zero mode and we have the following gauge equivalences A′i(0) ∼ A
′i
(0) +
δij . Note that δ
i
(j) for j = 1, . . . , d form a basis for a lattice L
′ and the
configuration space is Rd/L′. The conjugate momenta are then quantized
E
′(0)
i = n
′
i,
and the spectrum of zero modes is then given by
EU(1) =
1
2
M′
ij
n′in
′
j .
However in the noncommutative case we see that the above gauge transfor-
mations also produces a translation in the k direction proportional to Θ′jk.
This results in a modification of the spectrum similar to the Witten-Olive
effect [15]. Let as define the total momentum operator operators P ′i such
that
[P ′i,Ψ] = −i ∂′iΨ, (11)
where Ψ is an arbitrary field of the theory. The momentum P ′i defined
by (11) is not the standard gauge invariant total momentum but the differ-
ence between the two is the generator of a gauge transformation with the
gauge parameter equal to the i-component of the gauge field. Thus on gauge
invariant states the total momentum defined above and the gauge invariant
momentum have the same effect.
The operator generating the gauge transformation is [4, 5]
exp(2pii(E
′(0)
j +Θ
′
jkP
′k)). (12)
Translation by an integral number of periods on a trivial bundle must leave
the physical system invariant. The operators generating these translations
are given by
exp(2piiP ′k). (13)
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The operators (12) and (13) act as the identity on physical states so we
obtain the quantization
E
′(0)
j +Θ
′
jkP
′k = n′j , P
′j = m′j ,
where nj and m
j are integers. The spectrum of zero modes is then given by
EU(1) =
1
2
M′
ij
(n′i −Θ
′
ikm
′k)(n′j −Θ
′
jlm
′l).
We can describe this result in geometric terms. In the sectors of nonvanishing
momentum the wave function for the zero modes is not strictly speaking a
function but rather a section on a twisted bundle over the torus Rd/L′ with
twists given by exp (Θ′ikm
′k).
Using the duality transformations (6) we can express the spectrum in
terms of the U(n) parameters
EU(n) =
1
2
g2SYM
(2pi)d−2
√
det(Gij)
| det(CΘ+D)|−1/2 (14)
×Gij(ni −Θikm
k)(nj −Θjkm
k),
where we aslo performed a duality transformation on the quantum num-
bers [4, 5] 
 n′i
m′i

 =

 A B
C D



 ni
mi

 . (15)
Next we consider in more detail the two dimensional case. The parameters of
the U(1) and U(n) NCSYM are related by the SO(2, 2 |Z) transformation [10]
Λ =

 aI2 bε
−mε nI2

 , (16)
where ε is a two dimensional matrix with the only nonvanishing entries given
by ε12 = −ε21 = 1. In this case (CΘ + D)
i
j = (n + θm) δ
i
j and the spectrum
is
EU(n) =
1
2
g2SYM
(2pi)d−2 |n+ θm|
√
det(Gkl)
Gij(ni + θmi)(nj + θmj),
6
where mi = εijmj . This result
d has the expected factor of |n+θm| in the de-
nominator. In the DLCQ formulation of M theory this factor is proportional
to the kinetic momentum in the compact light-like direction and is expected
to appear in the denominator of the DLCQ Hamiltonian.
Next we will obtain the spectrum directly in the U(n) theory. We will do
this in two ways. First, consider the generators of the adjoint algebra, the
Zi’s. These generators satisfy
Zk(σi + 2piδ
j
i ) = ΩjZk(σi)Ω
−1
j . (17)
Besides having the privileged role of generators for the sections of the adjoint
bundle, the Zi’s can also be used to perform gauge transformations since they
are unitary. We can rewrite (17) as
Ωj = Zk(σi + 2piδ
j
i )
−1ΩjZk(σi). (18)
The right hand side of (18) gives the transformation of the transition func-
tions under the Zi gauge transformation. We see that, just as in the U(1)
case where the gauge transformations U ′i left the transition functions trivial,
the Zi’s leave the transition functions invariant. Following the same strategy
as in the U(1) case, where we used the U ′i to find the configuration space of
the zero modes, we can use here Zi
Z−1j (∇
i − iAi(0)1− iA
i(Zk))Zj =
∇i − i(Ai(0) − ((CΘ+D)
−1)ij)1− iA
i(e−2piiΘ
′
jkZk).
Note that again we have separated the zero mode of the gauge connection
and we have used the identity [10]
[∇i, Zj] = i((CΘ +D)
−1)ij Zj.
dExpressed in terms of the string coupling constant of the auxiliary string theory the
spectrum takes the simpler form EU(n) = 12gs|n+ θm|
−1Gkl(nk + θmk)(nl + θml).
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One can express the gauge transformed connection as
e−2pi(AΘ+B)jk∇
k
(
∇i − iAi(0)1− iA
i(Zk)
)
e2pi(AΘ+B)jk∇
k
+ iA ij 1, (19)
where we used
(CΘ +D)−1 = (A−Θ′C)T
and (7) to rewrite the extra shift in the zero mode.
Next we define the momentum operator by its action on the fields of the
theory. For example on the gauge fields P i acts as
[P i, Aj(0)1+ A
j(Zk)] = −i[∇
i, Aj(Zk)]− iF
ij
(0). (20)
Note that P i also acts on the zero mode Ai(0). This can be understood as fol-
lows. When we define the momentum we have the choice whether to include
as part of the system the magnetic background F ij(0). The standard gauge
invariant momentum for which the momentum density is tr(F ijEj) can be
written as the sum of two terms. The first is just the momentum translating
the part of the system that does not include the magnetic background and
whose momentum density is tr((F ij − F ij(0))Ej). The second term is an op-
erator shifting the zero mode of the gauge field as in (20). Then our P i can
be identified, up to the generator of a gauge transformation, with the total
momentum that includes the magnetic background. Furthermore, we can
identify, up to the generator of a gauge transformation, the first term on the
right hand side of (20) as the action of the momentum operator that trans-
lates only the fluctuating part. As we will see later it is the momentum whose
density is tr(F ijEj) that appears in the SO(d, d |Z) duality transformation.
A convenient way of writing the action of P i on the gauge field is
[P i,−iAj(0)1− iA
j(Zk)] = −i[∇
i,∇j − iAj(0)1− iA
j(Zk)].
Then using (19) we see that the quantum operator which implements the
gauge transformation above is given by
exp
(
2pii(A kj (E
(0)
k +ΘklP
l) + BjkP
k)
)
. (21)
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The momentum operator P i has integer eigenvalues since the space is a torus
with lengths 2pi. One can also see this by considering the operator
exp
(
2pii(CjiE
(0)
i + (C
jkΘki +D
j
i)P
i)
)
. (22)
This acts trivially on every operator in the U(n) theory. In particular the
combination of operators in the exponent has no effect on the zero mode.
The condition that (21) and (22) should act as the identity on the physical
Hilbert space is equivalent to the quantization
A kj (E
(0)
k +ΘklP
l) + BjkP
k = n′j ,
Cjk(E
(0)
k +ΘklP
l) +DjkP
k = m′j .
Since the matrices A,B, C, and D are the block components of an element of
SO(d, d|Z) this is equivalent to
E
(0)
j +ΘjkP
k = nj , P
j = mj ,
where nj and m
j are integers. Using the Hamiltonian (9) and the above
quantization the electric flux spectrum is
EU(n) =
1
2
g2SYM
(2pi)d−2
√
det(Gij)
|n−
1
2
tr(MΘ)|−1
×Gij(ni −Θikm
k)(nj −Θjkm
k), (23)
which is identical to the result (14) obtained by duality.
Finally we present an alternative derivation of the spectrum using the
gauge transformations exp(iσ¯i) where σ¯i = σjQ
j
i and Q
j
i is a matrix defined
in [10] and equals the identity for vanishing deformation parameter or mag-
netic background. This derivation is closely related to the derivation of the
spectrum in [4, 5]. As discussed in [10] gauge invariant quantities such as
the Lagrangian density have periodicity 2pi in the σ¯i variables. Then we can
use U¯i = exp(iσ¯i) as a gauge transformation just as we used U
′
i in the U(1)
9
theory. Note first that U¯i is a globally defined gauge transformation. It is
convenient to write it as U¯i = Ui e
2piΘij∇j . Here Ui = e
iσi−2piΘij∂j and is the
variable implementing the quotient condition [3]. The effect of this gauge
transformation is
U¯−1j (∇
i − iAi(0)1− iA
i(Zk))U¯j =
e−2piΘij∇
j
(∇i − iAi(0)1− iA
i(Zk))e
2piΘij∇j + i δij .
The operator implementing this gauge transformation in the Hilbert space is
exp
(
−2pii(E
(0)
k +ΘklP
l)
)
.
Again, on gauge invariant states this operator acts trivially and together
with the quantization of the momentum results in the same spectrum (23)
as using Zi. Note that the second method of deriving the U(n) spectrum
is similar in spirit to the derivation of the U(1) spectrum. For example the
gauge transformation is an element of the U(1) subgroup. However, the first
derivation is instructive since it exhibits inside the U(n) theory the dual U(1)
theory variables such as P ′i and E ′i.
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